In this work, the previously developed LB-DF/FD method has been extended to nonspherical particle suspensions in two dimensions. The calculated translational/rotational velocity autocorrelation function (VCF/RVCF) for the circular particles completely reproduces the theoretical predictions, i.e. the long-time decay of (t √ ln t) −1 for the VCF and the long-time decay of t −2 for the RVCF. Extensive numerical simulations of the elliptical and rectangular particles also confirm the theoretical results. On the basis of the reduced RVCFs and VCFs for the three kinds of particles, we conclude that the coefficients of the long-time tails of the RVCF and VCF are independent of the particle shape.
Introduction
In the 1970s, Alder and Wainwright [1] demonstrated that the translational velocity autocorrelation function (VCF, φ(t) = ⟨U(t)U(0)⟩) of a tagged particle in a hard sphere fluid has a long-time power decay ∼t −d/2 (d: the dimensionality of the system), instead of showing an exponential decay. The long-time behavior was understood on the basis of an extension of kinetic theory [2] and of mode-coupling theory [3] . In the 2D (two-dimensional) case, the diffusion constant Ds derived from the Green-Kubo expression, shows logarithmic divergence. Alder et al. [4] tried to overcome this difficulty by introducing time-dependent transport coefficients, so that the hydrodynamic description could be made self-consistent. It turns out that the VCF decays slightly faster than t −1 in the 2D case, namely as (t √ ln t) −1 . However, the long-time tails of (t √ ln t) −1 would only be observable after about 10 20 collision times in computer simulations of a fluid tracer particle, as stated by van der Hoef and Frenkel [5] . Leegwater [6] argued that it might take even hundreds of orders of magnitude longer than that. Lowe and Frenkel [7] calculated the VCF for a tracer particle in a model two-dimensional fluid and found quantitative evidence for the (t √ ln t) −1 decay. Isobe [8] found that the decay of the VCF in moderately dense fluids is slightly faster than the power decay t −1 which seems to agree with the decay of (t √ ln t) −1 . As regards colloidal particles, van der Hoef et al. [9] conducted simulations of a circular particle using lattice-gas cellular automata (LGCA). Since the long-time effect is significant and easily observable for colloidal particles, they [9] were the first (to the best of our knowledge) to demonstrate the asymptotic decay of (t √ ln t) −1 for the VCF. Ailawadi and Berne [10] were the first to predict the long-time power decay of the rotational velocity autocorrelation function (RVCF, ψ(t) = ⟨Ω(t)Ω(0)⟩) in d dimensions, namely ∼t −(d/2+1) . For the 2D case, van der Hoef et al. [9] demonstrated an algebraic form of the decay of the RVCF for the circular particle by using LGCA. However, they obtained a t −5/2 tail instead of a t −2 tail and gave no explanation for the discrepancy with the theoretical prediction. The situation becomes complex when referring to non-spherical objects because several predictions are inconsistent. Masters and Keyes [11] and Garisto and Kapral [12] argued on the basis of mode-coupling theory that the coefficient of the long-time tail does not depend on the shape of the particle. The same conclusion was reached by Lowe and Frenkel [13] who performed computer simulations of a rectangular particle immersed in a two-dimensional fluid by using the LBM. Meanwhile, Hocquart and Hinch [14] and Cichocki and Felderhof [15] suggested that the coefficient of the long-time tail depends on the shape of the object.
The first purpose of this work is to re-examine the theoretical predictions by simulating a circular particle in a twodimensional suspension. The second purpose is to numerically investigate the VCF and the RVCF of non-spherical particles in the 2D case, i.e. the elliptical particle and the rectangular particle, which have been paid little attention so far, to see whether they are -or are not -independent of the particle shape. Particle-laden two-phase flows involving non-spherical particles such as aerosols and fibers are very common in many industrial processes [16, 17] . Recently, a LB-DF/FD method [18] , which combines the ideas of the LBM and the DF/FD (direct forcing/fictitious domain) method, has been proposed for addressing the particle-fluid interaction problems. The main advantages of the LB-DF/FD method are that the re-meshing procedure is avoided and one does not need to calculate the hydrodynamic force and torque explicitly at each time step to update particle motion. The previous work [18] only refers to circular particles. In this study we extend the LB-DF/FD method to elliptical and rectangular particles, calculating the VCF or RVCF by applying an impulsive translational velocity or rotational velocity to a colloidal particle in a stationary fluid and correlating the velocity at later times with the initial velocity.
The numerical method
In this work the fluid flow is obtained by solving the discrete LB equations with external forces, while the particles are dealt with using the DF/FD method [18] . In the fictitious domain method, the interior domains of the particles are filled with the same fluids as the surroundings and a pseudo-body force λ is introduced to enforce that the interior (fictitious) fluids satisfy the constraint of rigid body motion. Furthermore, a certain number of Lagrangian nodes are distributed to represent the particle in the simulations, while an Eulerian mesh is used for the fluid. Only hydrodynamic forces and torques are considered for the particles in this study. The whole problem is decoupled into fluid and solid subproblems and the computational algorithms can be found in [18] .
Results and discussion
For an elliptical particle, a is the semi-major axis and b is the semi-minor axis. When a and b are equal, the ellipse becomes a circle. For a rectangular particle, a is the semi-length and b is the semi-width. The arrangements of the Lagrangian nodes for the elliptical and rectangular particles are shown in Fig. 1 . In the simulations, the colloidal particle is initially set at the center of a periodic unit of 1024 2 with an impulsive translational velocity or rotational velocity of 0.1 (in lattice units). The computational parameters are chosen as follows unless otherwise stated: τ = 1, ρ f = 1, ρ p = 11. The axial ratio of the elliptical particle is r e = a/b, and the aspect ratio of the rectangular particle is r c = a/b.
As an initial test of the present method, a circular particle of a = 2.5 (in lattice units) has been numerically investigated.
In Fig. 2 , the VCF and RVCF derived from the LB-DF/FD method are compared with the corresponding results from the LBM proposed by Ladd [19] . Both of them are normalized by their t = 0 values. Good agreements are observed over the whole time domain. of the long-time tail. Furthermore, in order to investigate the long-time decay of the RVCF, all RVCFs are multiplied by t 2 . All subsequent results have been dealt with in the same manner. Clearly, the results in Fig. 3 suggest that there is a longtime tail in the RVCF for the circular particle, consistent with the theoretical prediction of t −2 decay. However, the present observation disagrees with the findings of van der Hoef et al. [9] , where a t −2.5 tail was predicted. In addition, it is found that all reduced RVCFs approach a plateau value at long time (t > 10,000), indicating that they collapse onto one master curve eventually.
The VCFs for the circular particles with different radii are plotted in Fig. 4 . The VCFs multiplied by (t √ ln t) seem close to a flat line, which implies that the VCF for the circular particle has a long-time tail of asymptotic decay (t √ ln t) −1 . Moreover, all reduced VCFs approach a plateau value at long time, indicating that they collapse onto one master curve eventually.
For the elliptical particle, the semi-minor axis b is fixed at 2.5 in the simulations. The RVCFs for the elliptical particles with different axial ratios r e (r e = 1-4.2) are plotted in Fig. 5 . It should be stated that the axial ratio r e = 1 corresponds to the circular particle. The results in Fig. 5 suggest that there is a long-time tail of t −2 decay in the RVCF for the elliptical particle. After dividing by z = a(a 2 + b 2 ), all RVCFs match together at long time (t > 10,000), demonstrating that they have the same coefficient of the long-time tail. In addition, as shown in the figure, the long-time tail of t −2 decay is approached earlier for the smaller axial ratio r e . Fig. 6 shows the VCFs for the elliptical particles of different axial ratios with z = a. Like for the circular particle, the results also prove a long-time tail of asymptotic decay (t √ ln t) −1 for all axial ratios studied. Moreover, all reduced VCFs approach a plateau value at long time, too.
For the rectangular particle, the semi-width b is fixed at 2. In order to further examine whether the coefficients of the long-time tails of the RVCF and the VCF are independent of particle shape or not, the RVCFs and VCFs for the circular, elliptical and rectangular particles are shown in Figs. 9 and 10 . The parameters of the particles are: circular particle, a = 4.5; elliptical particle, a = 6.5 and b = 2.5; rectangular particle, a = 6.5 and b = 2.5. The RVCFs are divided by the particle's moment of inertia J and the VCFs by the particle's mass M. It is clear that all the reduced RVCFs and VCFs deviate from each other at short time, while matching together at long time, as indicated in the figures, which supports the mode-coupling theory.
Concluding remarks
In this work, the previously developed LB-DF/FD method has been extended to elliptical and rectangular particles. Numerical results for the VCFs and RVCFs for these particles completely reproduce the theoretical predictions in twodimensional cases. By comparing the reduced RVCFs and VCFs for these particles, we conclude that the coefficients of the long-time tails of the RVCFs and VCFs are independent of the particle shape.
